AQA Computer Science A-Level

4.3.6 Optimisation algorithm
Advanced Notes
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Specification:

4.3.6.1 Dijkstra’s shortest path algorithm
Understand and be able to trace Dijkstra’s shortest path algorithm
Be aware of applications of shortest path algorithm
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Optimisation Algorithms

An optimisation algorithm finds the best possible solution
to the problem posed. The only one you must be aware of
is Dijkstra’s (pronounced dyke-struh’s) algorithm, which
finds the shortest path from a starting node to every other
node in a network.

These points may be modelled as nodes in a weighted
graph. You will not be asked to recall the steps of the
algorithm in an exam, although you may be asked to
identify it and state its purpose and/or trace the code.

Dijkstra’s Algorithm

As mentioned above, Dijkstra’s algorithm is used to find
the shortest path between two nodes in a graph. If you
take maths for A level, you may have already come across
this algorithm.

However, in maths Dijkstra you will normally only be asked
for the finished path, whereas computer science Dijkstra
will require you to have a full understanding of the code,
often leading to filling in a dry run table.

Dijkstra’s algorithm similar to the breadth-first search
algorithm, but keeps track of visited nodes with a priority
queue rather than a standard queue.

Applications of Dijkstra’s algorithm

Dijkstra’s algorithm is heavily used in computer systems
that need to calculate shortest paths. This includes
satellite navigation systems that display the shortest or
fastest route from a starting point to a chosen destination.

Routers in networks often employ Dijkstra’s algorithm to
find the shortest path when routing packets within
networks.

Algorithm

An algorithm is a finite
sequence of instructions
that can be followed to
complete a task and that
always terminates.

Synoptic Link

Graphs can be used as
visual representations of
complex relationships.
Weighted Graphs have
values assigned to each
edge,

Graphs are covered in Graphs
under Fundamentals of Data
Structures.

Synoptic Link

Tracing code refers to a
human following the
algorithm - often used for
dry run testing.

Code tracing is covered in
Abstraction and Automation
under Theory of Computation

Synoptic Link

Routers are covered under the
Internet in fundamentals of
communication and
networking.
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Dijkstra’s Algorithm Overview:

Ste I ! 1 Select Start and St 2 Make note of the distances of the nodes

End nodes e Q fram thi start position. AL This paint, anly
the nodes connecied to start will have a
valug, the athers will have a distance of

infinity. .f/-

W

Mate the start node as Tully explorad, Raepeat sbep 3, always salacting the node
Ste Q 3 Choose the node cosest o the start 5 t g E 4 the shaortest distance from A which hasn't
node, and update the table to reflact the been fully explorad. Continue wntd each
shoriest distance from A to each node. nde has been fully explored (and hance
- Mark that node as fully explored. each edge).
;. -\‘. .f( } -\‘. '
|
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Dijkstra’s Algorithm Example 1:

Here is a graph with nodes A to J. The numbers represent
the minutes it would take travel along each edge.

Edge

Edges/arcs are the
connections between each
node/vertex.

1

B o
Ve
D8 F >

Our task is to get from A to J in the shortest amount of time. The first step is to set up a
table containing all the vertices.

4 A B C D E F G H I J
A
[/é-HI] 1______'/|:|- | . . .
a3 2 Starting from A, we list all the connections to other
E }EJ“‘H:‘ . | nodes. Where A is not connected to the node, we
s \\ ] fr/ Voo G i ’I write « because there is effectively no way to get to
ORYY Ve T”’ them - it would take an infinite time to reach them.
I‘xQ*—H - /Fz'f f..--J
- I\_\_\_ ‘;I
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Looking at the graph we can see that A has only one edge incident on it. So we fill in the
first line as thus:

4 A B C D E F G H I J

A @A 12A 0, 0, 00 0 0 0 0 0

The subscripted A tells us that the weight is relative to A.

The next step is to select the smallest number from the 'B C 'I_EhiI:IJ:
table- at first this would appear to be 0, but we have G A IG| L
already investigated A (represented on the table by NE VA N “,:.'.':._I,J'
. . . g ! _"__ l&--"'f |
yellow shading), so this can be ignored. Instead, we D —Fr ]
notice that the smallest number is the 12 minutes it takes - (J)

to get to B from A. Hence, the next line of the table filled
in is that from B.

v A B C D E F G H I J
A 0, 12, R R R R R R R )
B 9, 12, w0, w0, w0, ®, o, o,

The most obvious parts of the table have been filled in. B has no connectionsto E F G
H I or J, so the time to get to them is still infinite. The table is filled in with regards to A
as we are trying to solve the shortest path between A and J, so the weight to B stays at
12. According to the graph, it takes 2 minutes to get from B to C (or vice versa).
However, the table is relative to A. Therefore it takes 12 + 2 minutes to get to C from A
via B; 14 is less than infinity so we have discovered a shorter path to the node C. We
add this to the table as such:

v A B C D E F G H I J
A 0, 12, 0y 0y 0y 0y 0y 0y 0y 0y
B 0, 12, 14, R R R R R )

O wwwpmteducation Q@@ ) PMTEducation



SPMT

resources-tuition-courses

The subscript B tells us that B is the previous node visited. Similarly, D is 7 away from B
and B is 12 away from A. The time it takes to get from Ato DviaBis 12 + 7. 19 < =, s0

19 takes priority. B has now been investigated fully, so can be shaded yellow on the
table.

v A B C D E F G H I J
A 0, 12, R R R R R R R )
B 0, 12, 14, 19, 0 0y 0y 0 0 0

Now, we choose the smallest number in a blue column. Column C contains 14, which is
smaller than 19 and infinity, so C is the next node to be

explored. C has no connections to E F G H | or J so these L) —{H]

; B ( E s ta|
remain unreachable. A and B have been fully explored so R At G
there shortest weight has already been discovered. The I.f'ﬁ'a, NS SA \"“:j_'_':._l,a"
time it takes to get to C is still 14. = D F) B

! p T

a |I._‘:L_|
v A B C D E F G H I J
A 0, 12, ©p ©p ©p ) ) ©p ©p ©p
B | 0, | 12, | 145 | 19 | o | @ | @ | o, | o | «,
c | e, | 12, | 14, o, | o | w, | @, | @ | «

The only difference now is D. The time it takes to get to D from C is 4 minutes according
to the graph. As it takes 14 minutes to get to C from A via B, it must take 14 + 4 minutes
to getto D from A via C. 18 < 19 so 18 takes priority.

% A B C D E F G H I J
A 9, 12, 0, 0, 0, 0, 0, 0, 0, 0,
B 9, 12, 14, 19, 0, 0, 0, 0, 0, 0,
C 9, 12, 14, 18, 00, 0, 0, 00, 00, 00,
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Now, the smallest number in the table in an unexplored
column is 18. D is next to be explored. D has no
DS connections to G H | or J, so the time to reach them
R © o {1} remains infinite. A B and C have been fully explored so
’ = ?' they already have a minimum time. The weight from D to

(J) DisO0,s018 (18 +0) stays.
% A B C D E F G H I J
A 9, 12, 0, 0, 0, 0, 0, 0, 0, 0,
B | 0, | 12, | 145 | 195 | o | o | o | o | o, | o,
C | 0 | 12, | 145 | 18 | o, | o, | o | o | o | o,
D | o, | 12, | 14, | 18, w, | o, | o | o

E is 9 from D. The shortest path to D from A takes 18 minutes, so it will take 27 minutes
to get from A to E via D.

% A B C D E F G H I J
A 9, 12, 0, 0, 0, 0, 0, 0, 0, 0,
B 9, 12, 14, 19, 00, 0, 0, 00, 00, 00,
C 9, 12, 14, 18 0, 0, 0, 0, 0, 0,
D 9, 12, 14, 18; 27, 00, 00, 00, 00,

v A B C D E F G H I J
A 9, 12, 0, 0, 0, 0, 0, 0, 0, 0,
B 0, 12, 14, 19; 0, 0, 0, ®, o, o,
C 9, 12, 14, 18; 0, 0, 0, 0, 0, 0,
D 9, 12, 14, 18, 27, 26, o, o, o, w0,
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The smallest number is now 26, so F is chosen to be next F_%L_LLI_%:' *El,;
explored. There are still no connections to G H or J, so they '@ /,E ~a '*II
remain infinite. A B C D and F have their shortest paths Py .-"}/"/ (G I
from A so these remain the same. A D B . 5].'
- "—|\._ I S
|\~_‘:L_|

Vv A B C D E F G H I J

A 9, 12, 5 5 5 5 5 5 ©p 5

B 9, 12, 14, 19, o, o, 0, ®, o, o,

c 9, 12, 144 18, Oy ) ) Oy Oy )

D 9, 12, 14, 18 27, | 26, o, w0, ®, o,

F 9, 12, 14, 18 26, 0, 0, 0,

E is 6 away from F. F is 26 away from A. Therefore E is 26 + 6 = 34 minutes away from
A via F. However, this is a shortest path algorithm, and we have already discovered that
E is 27 minutes away from A via D. 27 < 34, so 27 takes priority and is not replaced in
the table.

v A B C D E F G H I J
A 9, 12, 0, 0, 0, 0, 0, 0, 0, 0,
B 0, 12, 14, 19; 0, 0, 0, ®, o, o,
C 9, 12, 14, 18; 0, 0, 0, 0, 0, 0,
D 9, 12, 14, 18 27, 26, o, w0, 0, w0,
F 9, 12, 14, 18, 27, 26, 0, 0, 0,
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lis 18 away from F. 18 + 26 = 44. 44 < =, hence 44 takes priority.

% A B C D E F G H I J
A 9, 12, 00, 00, 00, 0, 0, 00, 00, 00,
B 9, 12, 14, 19, 0, 0, 0, 0, 0, 0,
C 9, 12, 14, 18; 0, 0, 0, 0, 0, 0,

D 0, | 12, | 14, | 18, | 27, | 26, | o, | », | », | o,

F 0, | 12, | 14, | 18, | 27, | 26, | o, | », | 44, | w,

= _ H The unexplored nodes are E, G, H, | and J. Out of those, E
Sy (EV. H'l has the smallest value at 27, so E is next explored. Nodes

| ' J 7 G). . ABCDF and E already have their shortest paths. The

.k L. Ay ’ _._,...-'f--;e" only node which remains unconnected is J, so the weight
- DL 7 toitremains infinite.
|"\:J/|

Vv A B C D E F G H I J

A 9, 12, O O O O O O O O

B 0, 12, 14, 19 ©p ) ) ©p ©p ©p

C 9, 12, 144 18 O ©p ©p O O ©p

D 0, | 12, | 14, | 18, | 27, | 26, | o, | », | », | o,
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G is 13 away from E, which in turn is 27 away from A. Therefore, G is 40 away from A
via E. 40 < « s0 40 is written in the table.

%4 A B C D E F G H I J
A 9, 12, 00, 00, 00, 00, 00, 00, 00, 00,
B 9, 12, 14, 19, 0, 0, 0, 0, 0, 0,
C 9, 12, 14, 18; 00, 0, 0, 00, 00, 00,

D 9, 12, 14, 18 27, 26, 0, 0, 0, 0,

F 0, | 12, | 14, | 18, | 27, | 26, | o, | », | 44, | «,

E 0, | 12, | 14, | 18, | 27, | 26, | 40, ®,

His 1 away from E, so the time between A and H is 27 + 1 = 28 minutes. 28 < « so0 28
is added to the table.

% A B C D E F G H I g
A 9, 12, 00, 00, 00, 00, 00, 00, 00, 00,
B 9, 12, 14, 19, o, 0, o, w0, w0, ®,
C 9, 12, 14, 18 o, o, o, 0, 0, ®,

D 9, 12, 14, 18; 27, 26, 0, 0, 0, 0,

F 0, | 12, | 14, | 18, | 27, | 26, | o, | », | 44, | w,

E 0, | 12, | 14, | 18, | 27, | 26, | 40, | 28, ®,
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Lastly E has no connection to |, so the 44 via F remains.

Vv A B C D E F G H I J

A 9, 12, 00, 00, 00, 0, 0, 00, 00, 00,

B 9, 12, 14, 19, 0, 0, 0, 0, 0, 0,

C 0, | 12, | 14, | 18, | o, | o, | @, | o, | ®, | o,

D 0, 12, 14, 18, | 27, | 26, w0, w0, w0, w0,

F 0, | 12, | 14, | 18, | 27, | 26, | , w, | 44, | w,

E 0, 12, 14, 18, | 27, | 26, | 46, | 28, | 44, 0,

. © H)

L:E! ) H 5 E{, e The smallest value in one of the blue columns is 28,
- ;/ (G, I column H. H will be the next node to be explored. The
Lﬁ ) VA f"-,_%\ | . shortest path from A has already been found for nodes

==k .;”j“l;. ABCDEFandH.

Vv A B C D E F G H I J

A 9, 12, 00, 00, 00, 00, 00, 00, 00, 00,

B 0, | 12, | 145 | 19, | o, | o, | @, | o, | ®, | o,

C 0, 12, 14, 18, ®, w0, 0, o, o, 0,

D 0, 12, 14, 18, | 27, | 26, w0, w, w, ®,

F 0, | 12, | 14, | 18, | 27, | 26, | o, ©, | 44, | w,

E 0, 12, 14, 18, | 27, | 26, | 40, | 28, | 44, w0,

H 0, 12, 14, 18, | 27, | 26, 28;
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H does not have an edge incident on G or J, so their values remain the same.

% A B C D E F G H I J
A 9, 12, 00, 00, 00, 0, 0, 00, 00, 00,
B 9, 12, 14, 19, 0, 0, 0, 0, 0, 0,
C 9, 12, 14, 18; 0, 0, 0, 0, 0, 0,

D 0, | 12, | 14, | 18, | 27, | 26, | o, | », | », | o,

F 0, | 12, | 14, | 18, | 27, | 26, | o, | », | 44, | w,

E 0, | 12, | 14, | 18, | 27, | 26, | 40, | 28, | 44, | «,

4 0, | 12, | 14, | 18, | 27, | 26, | 40, | 28, ®,

His 15 from |. Therefore, | is 15 + 28 = 43 minutes away from A via H. 43 <44, so 43
takes precedence and is added to the table.

% A B C D E F G H I J
A 9, 12, 00, 00, 00, 0, 0, 00, 00, 00,
B 9, 12, 14, 19, 0, 0, 0, 0, 0, 0,
C 9, 12, 14, 18, o, o, o, w0, ®, ®,

D 0, | 12, | 14, | 18, | 27, | 26, | o, | », | », | o,

F 0, | 12, | 14, | 18, | 27, | 26, | o, | », | 44, | «,

E 0, | 12, | 14, | 18, | 27, | 26, | 40, | 28, | 44, | «,

4 0, | 12, | 14, | 18, | 27, | 26, | 40, | 28, | 43, | =,

The smallest value is 40 in column G; G is the next node e —

% S
to be explored. Shortest paths have been found for AB C .*E"*.L —'ij..-e" E"-"'_;__--_htl'.j|
D E F Hand G. J has yet to be discovered, so it remains 1;' - J Ve 'G' ]
infinite in the table. A NS/ Y = I

el f;l;]\’l a :‘ I__,«.-.a---' ,jl
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% A B C D E F G H I J
A 9, 12, 00, 00, 00, 0, 0, 00, 00, 00,
B 9, 12, 14, 19, 0, 0, 0, 0, 0, 0,
C 9, 12, 14, 18; 0, 0, 0, 0, 0, 0,

D 0, | 12, | 14, | 18, | 27, | 26, | o, | », | », | o,

F 0, | 12, | 14, | 18, | 27, | 26, | o, | », | 44, | w,

E 0, | 12, | 14, | 18, | 27, | 26, | 40, | 28, | 44, | «,

4 0, | 12, | 14, | 18, | 27, | 26, | 40, | 28, | 43, | =,

G 0, | 12, | 14, | 18, | 27, | 26, | 48, | 28, @,

The time between G and | is 2. Therefore, it takes 40 + 2 = 42 minutes to get to | from A
via G. 42 < 43. The 42 takes precedence over the 43 and so is added to the table.

v A B C D E F G H I J
A 9, 12, 0, 0, 0, 0, 0, 0, 0, 0,
B 9, 12, 14, 19, 0, 0, 0, 0, 0, 0,
C 9, 12, 14, 18, 00, 00, 00, 00, 00, 00,

D | o, | 12, | 14, | 18, | 27, | 26, | o, | o, | », | =,

F | o, | 12, | 14, | 18 | 27, | 26, | ©, | o, | 44, | o=,

E 0, | 12, | 14, | 18, | 27, | 26, | 40. | 28, | 44, | w,

H 0, | 12, | 14, | 18, | 27, | 26, | 40, | 28, | 43, | o,

G 0, | 12, | 14, | 18, | 27, | 26, | 40, | 28, | 42, | =,

,::'“:, T | and J are the only nodes left unexplored. 42 is smaller
B 7 (Er. «  than infinity, so | is selected for exploraton. ABCD E F G
o ¢ /U TGl 4~ Hand !l have a defined shortest path from A.
OV
- I:\De’ll,‘—rf_ I..-*'I'a. 5
W J
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Vv A B C D E F G H I J
A 9, 12, 0, 0, w0, w0, ®, o, o, o,
B 0, 12, 14, 19, w0, w0, w0, ®, o, o,
C 9, 12, 14, 18, o, 0, 0, ®, o, o,
D 9, 12, 14, 18, 27, 26, 0, w0, w0, w0,
F 9, 12, 14, 18, 27, 26, 0, 0, 44, o,
E 9, 12, 14, 18 27, 26, 40, 28; 44, 0,
H 9, 12, 14, 18, 27, 26, 40, 28; 43, 0,
G 9, 12, 14, 18 27, 26, 40, 28; 42, w0,
I 9, 12, 14, 18, 27, 26, 40, 28 42,

J is 5 away from |. Therefore J is 42 + 5 = 47 minutes away from A via |. 47 is smaller

than infinity.

v A B C D E F G H I S

A 9, 12, 0, 0, 0, 0, 0, 0, 0, 0,
B 9, 12, 14, 19, o, 0, o, o, w0, w0,
C 9, 12, 14, 18, 00, 00, 00, 00, 00, 00,
D 9, 12, 14, 18, 27, 26, 0, 0, 0, 0,
F 9, 12, 14, 18 27, 26, 0, 0, 44, 0,
E 9, 12, 14, 18; 27, 26, 40, 28; 44 0,
H 9, 12, 14, 18, 27, 26, 40, 28 43, 0,
G 9, 12, 14, 18 27, 26, 40, 28; 42, 0,
I 9, 12, 14, 18 27, 26, 40, 28 42, 47,
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As J is the last node, all edges must have been explored. The table is complete.

From the table, we can work backwards to find the ey

L) - H
shortest path between A and J. We only need to Ir"'ﬁj“'\“.r" ( E“ \\"/JI
use the bottom row. Firstly, we note that the path “|*~«;EJ [ N |
will be 47 in length N ZER NN COANEY

: NS T A

4 A B C D E F G H I J

I e, | 12, | 14, | 18, | 27, | 26, | 46, | 28. | 42,

4 H‘tl 1 _____{-”'_x\ The letter accompanying this 47 is |. The
P g e e N | node visited immediately before J is I. So
I'h ) ;"I \ - /'I"“‘nih . "' now, we need the shortest path to | from A.
12 | -\ .‘f# y g II'. ( M\\II-,,.';R
|f M{ﬁ 7\ !/ 4 ° — '
AV If" ﬁ“i.l /_,I'LK 13_...:-”f

Py TN
C) A H
— NV L
‘B T (Y ~—
| | ll." I._ LH"'H'I 'IE-|
~ ) U
12| J ,/ | 2
- \l\ ;.\\ J //:V 8l \
| | s ! ’
WL r;-L 1:, K_d_ll_l._“\ 13-"/-/-! .
I / ~

Next, we need to find the shortest path to G from A.
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4 A B

H

e, | 12,

The node before G is E.
s
|

N 2
| B | /

}Kf !

12 | ) f /
- 7 /

(A) N\ L

A

il

Now we look at column E in the table.
vV A B C D E F G H I J

I 0, | 12, | 14,

D is just before E.

I 0, | 12,

D follows on from C.
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‘B
13 1 5|
DN 1 0

N

Now, we look at column C in the table.

4 A B C D E F G H I J

I 0, | 12, 26, 28,

The node before Cis B.

£ 'f. g

The column headed B is Iookedr at next.r

4 A B C D E F G H I J

I 0, 26, 28,

i . s f,,,@' Before B is A.
Q ‘ 1 15| The path is complete; the shortest path to
12

x
. getfromAtoJisABCDEGIJand will

I |
. /l\ take 47 minutes.

~
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